This paper deals with modelling and control of an overhead crane with a flexible cable. The developed dynamical model includes both transverse vibrations of the flexible cable and large swing angles of cable while the trolley is moving horizontally. To carry out the modelling, Rayleigh-Ritz discretization method is used to achieve an ordinary differential equation (ODE) model for transverse deflection of the cable with finite generalized degrees of freedom. Using the Euler-Lagrange formulation, a nonlinear dynamic model of the crane system with a flexible cable is obtained. The control objective is to move the payload position to the desired point and at the same time, to reduce the payload swing and to suppress the cable's transverse vibration. To this end, a static state feedback control combined with integral error feedback is proposed. Simulations are performed using the developed nonlinear model under various conditions to illustrate the effectiveness of the proposed control system.
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flexibility and weight of the suspended cable have been ignored and the cable has been modelled as a massless rigid-link or as a rigid-link including a point-mass and, in a few cases, with a moment of inertia [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The presented models have assumed that the major dynamic motion in a crane system is load swing as a pendulum motion. Although such assumptions are usual, they are not practical in many applications. In certain cases, especially when payload is lightweight and more importantly when the cable is long, the effect of flexibility must be taken into account.
Cables are one-dimensional continuum elements; so, they are usually modelled by discretized ordinary differential equations (ODEs), assuming only a few modes of vibration [12] [13] [14] . In a crane system, interactive dynamics of the cable and the payload are a challenge in most applications, which demand investigation into boundary induced cable vibrations and can determine the behaviour of the crane [15] . A few studies have addressed the effects of flexibility and weight of the cable in crane systems [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . They have presented planar models for an overhead crane and assumed that the cable is perfectly flexible and inextensible. The proposed models have assumed that the swing angle is small and the major dynamic motion of the cable in a crane system is cable vibration. However, these are valid only for small swing angles and slow movements of the trolley or support mechanism. Therefore, these models can only be useful near the end of the travel. On the other hand, the small swing angle assumption might not be the case with certain unavoidable physical and environmental conditions. With the cable pendulum (swing) motion, the angular rotation in most applications becomes large and even more significant, especially when the required travel speed is high. This issue has been disregarded in the previous studies on crane systems with flexible cables. In the present study, first, the main three motions of an overhead crane including trolley's longitudinal motion, cable's pendulum motion with large swing angle and cable vibration is considered in order to derive a more accurate dynamic model. Then, the controlled trolley driving force is designed to move the trolley and the payload to the desired final point and at the same time reduce the payload swing and suppress the transverse vibration of the cable.
In doing so, an overhead crane system with a flexible cable is considered and it is assumed that the cable is inextensible with no load hoisting or lowering during crane travel. The Rayleigh-Ritz discretization method is used to achieve an ODE model for the cable's transverse vibration with finite generalized degrees of freedom. Using Euler-Lagrange equation, the nonlinear dynamic model of the crane system with a flexible cable is developed which can also be represented in state space form to design a linear model-based feedback control. The control objective is to generate a trolley driving force for moving the trolley and the payload to their desired final points, reducing the payload swing and suppressing the transverse vibration of the cable simultaneously. Numerical simulations are performed using commercial software packages to illustrate the effectiveness of the control system. The remainder of this paper is organized as follows. The system description and energies are given in Section 2. The dynamic equations of motion are derived using Rayleigh-Ritz discretization method and Euler-Lagrange formulation in Section 3 and the proposed control scheme and the simulation results are presented in Section 4 and Section 5, respectively. Finally, in Section 6, the conclusions are drawn.
SYSTEM DESCRIPTION AND ENERGY EXPRESSION
An overhead crane system is composed of a support mechanism as a trolley and a flexible cable tied to a suspended payload. The swing motion of the payload and transverse vibration of cable, in this kind of crane system, can be described in two dimensions using two coordinate frames i.e., XZ and , see Figure 1 . A general point p along the cable is located in the middle of an infinitesimal element of length ds; the two ends of this element are denoted by A and B. As shown, three kinds of motion are considered, i.e. trolley's horizontal travel, cable's swing angle and cable's transverse vibration, denoted as x, q, and , respectively. Let x and F x be the trolley position and trolley driving force, respectively. The parameters M, m, r and g are the total mass of the trolley, payload mass, mass per unit length of cable and gravitational acceleration, respectively. The cable is assumed to be inextensible and the transverse deflection is small. The payload is considered as a point mass and the motion of the trolley on the rail is assumed to be frictionless.
According to Figure 1 , the position vector of the point p in the base frame XZ can be described as: (1) where x, are the trolley position and the -component of position vector of the general point p, respectively.
is the transverse deflection of point p and R(ϑ) is the rotation matrix between the two coordinate frames, XZ and , where ϑ = q + q e is the total angular displacement of point p on the cable. As shown in Figure 1 , q and q e are the cable swing angle and angular displacement of the cable at point p, respectively. It is assumed that the angle q e , compared with the angle q, is small, and therefore, the rotation matrix can be expressed approximately as:
Thus, the velocity of the point p can be obtained as:
where w t and ẑ t denote the partial derivatives of w and ẑ with respect to time. Since it is assumed that the cable is inextensible, every point along the cable has the same axial velocity, thus, , and, then given these assumptions, the approximate velocity of point p can be calculated as follows:
cos sin sin cos cos sin sin cos To achieve an ODE model describing the transverse deflection of a cable with finite degrees of freedom (modes), the Rayleigh-Ritz discretization method can be used [13] . Based on Rayleigh-Ritz discretization, the spatial function is approximated, as the finite sum of shape functions multiplied by the timedependent generalized coordinates d j (t) as: (5) where P(ẑ) and d(t) are assumed as: (6) Thus, the partial derivatives of with respect to time and can be calculated as: (7) To choose the shape functions , the boundary conditions must be satisfied. A useful choice for shape functions to achieve high precision is comparison functions which can satisfy both the geometric and natural boundary conditions. The boundary conditions at end of the cable are dynamic (time-varying) boundary conditions due to the unconstrained suspended payload mass. It means that they depend on the payload mass and its kinematics. In order to solve such problems with time varying boundary conditions, the comparison functions cannot be used. One appropriate way is to use a different class of shape functions, the so-called quasicomparison functions as a linear combination of admissible functions with arbitrary weights or unknown weights. The unknown weights can be approximated in the procedure of Rayleigh-Ritz method and Euler-Lagrange equation [13] . In order to form the quasi-comparison functions, two admissible functions are used, one satisfying the boundary conditions, w(0, t) = w ( , t) = 0 and the other satisfying w(0, t) = w ẑ ( , t) = 0. However neither of the conditions is consistent with the actual situation; rather the following quasi-comparison function can be used: (8) where l can be assumed as an arbitrary constant weight or as an unknown variable weight for every shape function. The unknown weights can be approximated in the procedure of Rayleigh-Ritz method in order to solve the Euler-Lagrange equation [13] . Thus, to obtain the velocity of point p, equations (5) and (7) can be inserted into equation (4) to yield (9) In the following sections, these formulations will be used to obtain the potential and kinetic energies of the system required when extracting the system dynamic equation based on Euler-Lagrange equation.
Kinetic and potential energies
Consider an infinitesimal element ds at point p along the cable, as shown in Figure 1 , where . It is assumed that the longitudinal elastic deformation 
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of the cable is neglected. The transverse deflection of the cable is also assumed to be small, thus, . Thus, the kinetic energy of the crane system can be written as: (10) where the first term denotes the kinetic energy contribution of the cable and the other two terms are related to the trolley and the payload, respectively.
The potential energy of the system is due to the transverse deflection of the cable and also the gravity effects on the payload and the cable. Thus, the total potential energy can be obtained as: (11) The potential energy of cable due to the transverse deflection can be written as: (12) where T(ẑ) is the tension force along the cable, w ẑ is the partial derivative of with respect to ẑ, and is the cable length. Since the cable is hung under its own weight and the payload weight, the tension in the cable at point p can be approximately obtained as: (13) where, ϑ = q + q e is the total angular displacement of point p on the cable. It has been assumed that the deflection of the cable is small, thus, , and so,
Thus, the cable tension can be obtained approximately as:
where . Therefore, the potential energy of the cable due to transverse deflection is as follows:
Also, the potential energy due to gravity effects on the cable and payload can be obtained as:
Therefore, the total potential energy can be approximately expressed as: 
DYNAMIC EQUATIONS OF MOTION
In this section, equations of motion of the crane system are derived. To obtain such equations based on the Euler-Lagrange equation, the system Lagrangian as a function of the trolley motion, cable pendulum motion and discretized spatial elastic motion of cable, is used. This Lagrangian function is given as:
where h is,
To obtain the dynamic equation, Euler-Lagrange equation may be used as follows: (22) in which q = (x, q, d) T ∈ R n is the vector of the generalized coordinates, where d = (d 1 , d 2 , …, d m ) ∈ R m and n = m + 2. The Euler-Lagrange equation can be rewritten as: (23) where, [ij, k] is the Christoffel symbol and is defined as:
The dynamic equations of the crane system will be obtained in a matrix form by using equations (5-7) and inserting the Lagrangian function in equation (20), L(q, q . ), into Euler-Lagrange equation (22) as follows:
where, W = [1 0 ... 0] T and u = F x is the trolley's driving force. M(q) is the total inertial matrix, the second term represents the Coriolis and centripetal forces and G(q) is the potential force due to stiffness and gravitation effects in the system. The nonlinear coupled ODE (25) describes the dynamic motion of the whole crane system with flexible cable. The inertia matrix M(q) is symmetric and can be assembled as:
; , , 1 , 2 , 3 ,, Also, matrix C(q, q . ) and vector G(q) can be assembled as:
and the vector G(q) can be rewritten as
where the respective parameters are:
STATE FEEDBACK CONTROL SYSTEM
The proposed control system is presented in this section. The major control objective is to generate a trolley force to move the payload to a desired final position and at the same time, to reduce the pendulum (swing) motion of the payload and damp the transverse vibrations of the cable. The proposed control scheme for the overhead crane system with flexible cable is a static linear state feedback control, combined with an error integral feedback control. It is assumed that all of the state variables are available.
To design the control system, the developed ODE model with four vibration modes, as described in the previous sections for a cable with suspended payload, Mohammad H. Fatehi, Mohammad Eghtesad and Roya Amjadifard is used. The second order model, equation (25), can be rewritten in a state space form. By defining the state vector as , the nonlinear state space form can be obtained as follows, where q ∈ R n is the vector of generalized degrees of freedom of the whole crane system. The dynamic model of the crane system with flexible cable, equationn (25) , which is used to simulate the system corresponds to a nonlinear under-actuated system [26, 27] . The references [26, 27] discuss several distinguished types of under-actuation for which the system is controllable. Fortunately, a couple of the discussed types can be used to prove the current system's controllability.
Consequently, the linear pair (A 0 , B 0 ) is also controllable and since G(s) = C o (sl -A 0 )B 0 has no zero at s = 0, it can be shown that the augmented system, equation (33), is controllable and there exist matrices F 1 and F 2 , where the closedloop control system becomes locally stable and x = C o x → x d [28] . Therefore, it can be established that → 0 and consequently e = (x dx) = (x d -C . x)→ 0; so it can be concluded that
. 
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To choose a suitable set of feedback gains, the linear quadratic regulator (LQR) method can be used. Suppose the crane assignment is to move a 2 kg mass payload to a final point such that the travel distance is assumed to be 5 m. The LQR design matrices can be chosen as: Q = diag (100 1000 100 100 100 20 20 11 11 30), R = 0.01 Thus, the feedback gains can be obtained as: In the following section, simulations are performed to show the effectiveness of the proposed control system and illustrate the behaviour of the crane system under various conditions.
SIMULATION RESULTS
In this section, several simulations are performed using the nonlinear dynamic model of the crane system and the presented linear controller. First, simulation results illustrating the behaviour of crane system under various conditions without applying the controller are presented. Then, to show the effectiveness of the proposed control system, simulation results for the same crane system with a lightweight payload when the proposed controller is applied are presented.
Simulation results 1
To simulate the behaviour of the crane system without the controller, two cases are considered. First, a crane with a flexible cable and a lightweight payload and, then, the same crane system with a heavy payload are examined. The trolley mass is considered to be 100 kg, cable length as 5 m and its mass in per unit length as 0.62 (kg/m), the payload masses in the two cases are chosen as 2 kg (light payload case) and 50 kg (heavy payload case). To excite the crane system, a positive and negative pulse are applied on the trolley as the input force ( Figure 2) . To calculate the transverse deflection of the cable, the first four modes of vibration are considered. The time histories of magnitudes of these first four modes are shown in Figure 3 , which clearly shows that the magnitudes of the modes decrease with the mode number, and thus justifies the use of the first four modes as the approximated system, in these simulations.
Assuming that the crane system is in the rest condition before moving the trolley, the simulation results are obtained and plotted in Figure 3 to Figure 8 . Figure 4 and Figure 6 . As it can be seen the swing angle in the two cases is relatively large. Also, the transverse deflections of four distinct points with the same distances along the cable are considered and shown for the two cases, respectively, in Figure 7 and Figure 8 . The results illustrate the crane system behaviour and the extent of effectiveness of payload weight on the cable vibration. As it is shown, when the payload is lightweight, the transverse deflection of the cable and its effect on payload swing becomes more noticeable. Obviously, when a heavy payload is attached to the end of the cable, the transverse deflections of the cable are small and the effects of cable dynamics on the payload can be ignored. Under such conditions, the cable can be assumed as a rigid-link. As it can be seen, the cable vibration and swing angle in a crane system with lightweight payload are more considerable.
Simulation results 2
In this part, the results of simulation are presented for the same crane system with a lightweight payload when the proposed controller is applied to move the payload to the desired final point and suppress the swing angle of payload and the cable vibration. Suppose the crane assignment is to move a 2 kg mass payload to a final postition such that the travel distance is assumed to be 5 m. The generated control force is shown in Figure 9 . To investigate the effectiveness of the proposed control system, the trolley and the payload motions, cable swing angle and transverse Figure 10 . Time histories of the trolley and the payload motions along X-axis, for the crane system with a lightweight payload (2kg) when the proposed control is applied. Table 1 . It should also be mentioned, that the required control force was not large so it can be readily generated.
DISCUSSION AND CONCLUSION
This study has developed a generalized model for an overhead crane with a flexible cable. The cable was assumed to be a one-dimensional continuum element, so the boundary conditions have to be determined for the system analysis. This is somehow Figure 11 . Time history of swing angle suppression during the traveling for a crane system with a lightweight payload (2kg) when the proposed control is applied. challenging because the boundary conditions are dynamically variable and cannot be found, but can be approximately incorporated into the model development procedure, using quasi-comparison functions and Euler-Lagrange equation. To do so, the cable transverse vibration was discretized with finite generalized degrees of freedom, based on Rayleigh-Ritz discretization method and using Euler-Lagrange equation, a nonlinear model for the whole crane system was developed. Moreover, a linear static state feedback control combined with error integral feedback was suggested to move the payload position to the desired point and at the same time, reduce the payload swing and suppress the cable vibration. The simulation results demonstrate that the proposed control system can move the trolley and payload to the desired position within a short time and reasonably reduce the payload swing and damp the cable vibration.
